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$n$ doubly even self-dual code $C$ minimum weight $d$ $d\leq$
$4[n/24]+4$ [22], $d=4[n/24]+4$ $C$ extremal
. 24m extremal doubly even self-dual code
, 24 48 code ,
( $m\geq 154$
). , 72 , 1973
Sloane [28] .





2 Extremal doubly even self-dual code &lf
code binary code . $C=C^{\perp}$
$C$ self-dual , $C^{\perp}$
(dual code) . $C$ self-dual , codeword $x\in C$
weight $wt(x)$ . codeword weight 4
self-dual code doubly even , wt(x) $\equiv 2(mod 4)$
codeword $x$ self-dual code singly even .
$A_{i}=|\{c\in C|wt(c)=i\}|$ , $W_{C}(x, y)= \sum_{\dot{l}=0}^{n}A_{i}x^{n-i}y^{i}$
code $C$ weight enumerator . doubly even self-dual code
weight enumerator .
Theorem 1 (Gleason [13]). $C$ $n$ doubly even self-dual code
1564 2007 150-161 150






Theorem 2 (Mallows-Sloane [22]). $n$ minimum weight $d$
doubly even self-dual code
$d \leq 4[\frac{n}{24}]+4$ (1)
.





weight $0$ codeword $A_{0}$ 1 $a_{0}=1$
. $d\geq 16$ $A_{4}=A_{8}=A_{12}=0$




$A_{16}\neq 0$ $d\leq 16$ .
(1) doubly even self-dual code
extremal . 72 minimum weight 16 doubly even
self-dual code extremal .
, , 72 extremal doubly even self-dual code
weight enumerator , extremal




$C_{72}$ 72 extremal doubly even self-dual code
.
Assmus-Mattson [1] , code , weight
codeword design . Assmus-Mattson
$C_{72}$ weight $i$ codeword 5-design $\mathcal{D}_{i}$
. $A_{16}=249849$ $\mathcal{D}_{16}$ $5-(72,16,78)$
design . $C_{72}$ self-dual 5-
design $D_{i}$ block intersection number
. , $C_{72}$ block intersection number
$5-(72,16,78)$ design .
.
Theorem 3 $(Harada-Kitazume-Munemasa[15])$ . $\mathcal{D}$ block in-
tersection number $5-(72,16,78)$ design $M(249849\cross 72$
) . $M$ code extremal doubly
even self-dual code .
$M$ 2-rank 36 $C_{72}$ minimum weight codeword
, $\mathcal{D}$ block intersection number
$0,2,4,6,8$ .
5-design .
Problem 1. weigbt 16 codeword 5-design ,
weight 5-design .
$D_{20}$ block intersection number $5-(72,20, 20064)$
design block intersection number
5-design code doubly even self-








(extremal) doubly even self-dual code
1980 Huffman Yorgov .
$C_{72}$ .
4.1
$C$ $Aut(C)$ . $\sigma\in Aut(C)$
$c$ p-cycle $f$ $\sigma$ type $p-(c, f)$
([17] ).















Yorgov [31] $|Aut(C_{72})|$ 72 504, 360, 252, 180, 60, 56, 14, 7,
10, 5 . , Bouyuklieva-O’Brien-
Willems [4] $Aut(C_{72})$ 72 56, 14, 10, 7, 5
. [4]
$|Aut(C_{72})|=60,180,252,360$,504 $Aut(C_{72})$
, 5 , 6 $SL(2,8)$ ( 504)
, $C_{72}$
1 .
Problem 3. 1 $Aut(C_{72})|$ .
$|Aut(C_{72})|=1$
. Tonchev [29] 40 extremal doubly
even self-dual code . 32
extremal doubly even self-dual code ,
. , 56, 64
extremal doubly even self-dual code .
Oral-Phelps [24] self-dual code ,
code .
$|Aut(C_{72})|=1$ .
5 singly even self-dual code
$C_{72}$ singly even self-dual code .
$C$ singly even self-dual code doubly even subcode $c_{0}=\{x\in$
$C|wt(x)\equiv 0(mod 4)\}$ $|C$ : $C_{0}|=2$ . $C_{0}^{\perp}\backslash C$ $C$
shadow $S$ . Conway-Sloane [7] singly even self-
dual code minimum weight weight
enumerator shadow .





5.1 $C_{72}$ singly even self-dual [70, 35, 14] code
$C$ self-dual $[n, n/2, d\geq 4]$ code- .
$C’=\{(x_{1}, \ldots x_{n-2})|(x_{1}, \ldots x_{n})\in C, x_{n-1}+x_{n}=0\}$
self-dual $[n-2, (n-2)/2, d’\geq d-2]$ code . C’ $C$
subtracting code . $n-1,$ $n$
.
$C_{72}$ subtracting code $C_{72}’$ self-dual [70, 35, 14]
code 2 , . ,
.
Proposition 4 (Dougherty-Harada [11]). singly even self-dual
[70, 35, 14] code , 72 extremal doubly even self-dual
[72, 36, 16] code .
Proof. $C$ self-dual [70, 35, 14] code . $C_{1},$ $C_{2},$ $C_{3}$ $C_{0}^{\perp}=$
$C_{0}\cup C_{2}\cup C_{1}\cup C_{3}$ $C_{0}$ coset , $C=C_{0}\cup C_{2}$ ,
$S=C_{1}\cup C_{3}$ . coset
:
$(a, b, C_{i})=\{(a, b, x)|x\in C_{i}\}$
$C^{*}=(O, 0, C_{0})\cup(1,1, C_{2})\cup(1,0, C_{1})\cup(0,1, C_{3})$
72 self-dual code .
$C$ ShadOw $S$ weight enumeratOr
$\{\begin{array}{ll}W_{C} = 1+11730y^{14}+ 150535y16 +1345960y^{18}+\cdots,W_{S} = 87584y^{15}+7367360y^{19}+208659360y^{23}+\cdots,\end{array}$
$2$ [$7$ , Table I] 70 self-dual code minimum weight
12 14 .
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3. $S$ vector weight 3 $(mod 4)$
$c*$ doubly even , $c*$ minimum
weight 16 .
, $C_{72}$ singly even self-dual [70, 35, 14] code
4.
subtracting self-dual [68, 34, 12] $co$de $D=$
$(C_{72}’)’$ . $C_{72}$ weight codeword 5-
design , 4 weight enu-
merator self-dual [68, 34, 12] code . $D$ shadow
$S$ weight enumerator
$\{\begin{array}{ll}W_{D} = 1+442y^{12}+14960y^{14}+174471y^{16}+\cdots ,W_{S} =29920y^{14}+2956096y^{18}+93399904y^{22}+\cdots,\end{array}$
. , extremal doubly even self-dual [72, 36, 16] code
$d(S)=14$ singly even [68, 34, 12] code
. shadow $S$ minimum weight $d(S)=14$ self-dual
[68, 34, 12] code weight enumerator
[9].
, .
Problem 4. $C$ self-dual [68, 34, 12] code shadow $S$ minimum
weight $d(S)$ 14 . $C$ $C_{72}$ subtracting
.
weight enumerator self-dual [68, 34, 12] code
$d(S)=14$ self-dual code
([18] ).
5.2 $C_{72}$ singly even self-dual [72, 36, 14] code
$v$ weight 4 vector
$N=(C_{72}\cap\langle v\rangle^{\perp})\cup\{u+v|u\in(C_{72}\backslash (C_{72}\cap\langle v\rangle^{\perp}))\}$
3 $W_{C},$ $W_{S}$ [21] , , \vee |
$W_{C},$ $W_{S}$ [11] .
$4W_{C}(x, y)=W_{C}\perp(x, y)$ code formally self-dual , formally
self-dual even [70, 35, 14] code [14] . code
dual code self-dual code .
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singly even self-dual code . 72 singly even self-dual code
minimum weight 14 wt(v) $=4$
$N$ minimum weight 14 . $v$ shadow
vector shadow minimum weight 4 .
, extremal doubly even self-dual [72, 36, 16] code
$d(S)=4$ singly even self-dual [72, 36, 14] code .
.
Theorem 5 (Munemasa-Venkov [23]). $d(S)=4$ singly
even self-dual [72, 36, 14] code extremal doubly even self-
dual [72, 36, 16] code .
singly even self-dual [72, 36, 14] code
([18] ).
Problem 5. singly even self-dual [72, 36, 14] code .
[7] singly even self-dual [72, 36, 14] code weight enumerator
([9] ) 5.
6 weight enumerator
2 $C_{72}$ (Hamming) weight enumerator
. weight
enumerator ( ) ,
6. , weight enumerator
:
5 [7] weight enumerator 3




biweight enumerator ( 2nd higher weight enumerator
) .
7




72 extremal doubly even self-dual code $C_{72}$
, 3 5 $C_{72}$
5-design singly even self-dual code .
.
4 $C_{72}$
. , 72 extremal doubly
even self-dual code $C_{72}$ , $|Aut(C_{72})|=1$
. ,
, ,
. , 36 Hadamard 36
symmetric design ( [29]
) ,
. doubly even self-dual code
,
.
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